Harmonium atoms (HAs), i.e. systems described by the nonrelativistic Hamiltonian
are of much interest to both physicists and chemists. [1] [2] [3] The general forms of the energy asymptotics of these species at the ω → 0 and ω → ∞ limits are well known. At the weakcorrelation limit that corresponds to ω → ∞, the energy E D of the state D is given by the series [3] [4] [5] [6] 
The zeroth-and first-order energy coefficients, E
D and E (1) D , that enter Eq. (2) are trivial to compute. In contrast, evaluation of E (2) D and its high-order counterparts involves infinite summations. At the strong-correlation (or quasiclassical) limit of ω → 0, the energy asymptotics reads 1, 3, 7, 8 
where the nonanalytical energy term E na D (ω) that depends on the multiplicity of D vanishes at ω = 0. In Eq. (3), E (0) D equals the potential energy of the pertinent spherical Coulomb crystal at its equilibrium geometry. 1, 3, 7, 8 The firstand second-order energy coefficients,Ẽ (1) D andẼ (2) D , describe the zero-point energy of harmonic vibrations about this equilibrium and the lowest order anharmonic correction to it, respectively. 3 The electronic states of HAs are conveniently labeled with the spinorbitals {a} of the three-dimensional harmonic oscillator (with unit mass and force constant) from which the uncorrelated Slater determinant that arises within the zerothorder perturbation theory of the ω → ∞ limit is built. In the widely studied case of the ss singlet ground state of the two-electron HA, closed-form expressions for E (0)
ss , andẼ (2) ss are presently known. 1, 3, 5, 6, 8 For the analogous sp z triplet state, only the expressions for
have been published. 6 The studies on the three-electron HAs have been quite scarce thus far. The energies of the ss p z doublet ground state and the sp x p y quartet first excited state have been computed with Monte Carlo (MC) 9 and full configuration-interaction (FCI) 10 methods for 3 and 12 values of ω, respectively. Electronic structures of these states have been investigated within Hartree-Fock and pair-correlation approximations. [11] [12] [13] In addition, analysis of the strong correlation limit has yielded
In this note, we present closed-form expressions for the zeroth-, first-, and second-order energy coefficients of the weak-correlation limits for the ss p z and sp x p y states of the three-electron HA. The key equations that pertain to evaluation of these coefficients read
and
where
the terms with vanishing denominators being excluded from the respective summations. In Eqs. (4), (7) and (8), a denotes the orbital energy of the spinorbital a. For the ss p z state one obtains
The second-order energy coefficients for the ss, sp z , and s p z states of the two-electron HA turn out to be given by the expressions:
(43 + 39 ln 2) ≈ −0.047856,
the formulas for E (2) ss and E (2) sp z matching those obtained previously. [4] [5] [6] When combined with the nonadditivity terms,
s,sp z = 2 3π
these coefficients afford the final result
Analogous calculations for the sp x p y state produce:
where the pertinent intermediate quantities read:
[which follows from the identical intracular components of the states in question; compare Eq. (14)],
The newly obtained expressions for the second-order energy coefficients [Eqs. (17) and (20)] resemble those for the twoelectron HA [Eqs. (11)- (13)] but are somewhat more involved. Interestingly, the zeroth-, first-, and second-order energy coefficients of the series (2) and (3) uniquely determine the 13 parameters of the [7/5] Padé approximant F [7/5] (x) that enters the approximate expression E D (ω) ≈ ω 2/3 F [7/5] (ω 1/6 ),
which conforms to both the small-and large-ω asymptotics.
14 In summary, when combined with the previously known small-ω asymptotics, the closed-form second-order expressions for the energies of three-electron harmonium atoms at the weak-correlation limits allow for quite accurate predictions of energies of these species for all magnitudes of the confinement strength.
